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This paper presents critical cooling rates to avoid cracking in thermal barrier coatings (TBCs) driven by
thermal transients. A complete thermomechanical model is presented for multilayers; it determines
the history of temperature, deformation and stress distributions in the layers, as well as the steady-state
energy release rate (ERR) for delamination for all possible crack locations. The model is used to analyze
bilayers over a broad range of properties and cooling rates; critical cooling rates are identiﬁed that dis-
tinguish scenarios in which the transient delamination driving force is higher than that associated with
the fully cooled state. Implications for coating the durability are discussed.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Recently, Sundaram et al. (2013) have illustrated that thermal
transients should be added to the list of degradation mechanisms
that are capable of causing failure in thermal barrier coating sys-
tems (Evans et al., 2001; Spitsberg et al., 2005; Echsler et al.,
2006; Evans and Hutchinson, 2007; Yanar et al., 2011). Critically,
it has been demonstrated that stresses (and strain energy) gener-
ated by transients can be much more deleterious than those asso-
ciated with the quasi-steady state temperature distributions
imposed by slow cooling. In transient cooling/heating scenarios,
the ﬂow of heat through the multilayer occurs on the time scale
(or much faster than the time scale) associated with the change
of surface temperatures. The result is that temperatures near the
hot surface can change more rapidly than those in the interior of
the multilayer (often referred to as a ‘temperature inversion’): this
differential contraction generates larger mismatch strains that can
increase the driving force for delamination.
The key insight from the work of Hutchinson and co-workers is
that stresses associated with thermal transients scale with the
coefﬁcient of thermal expansion (CTE) of the ceramic coating itself,
as opposed to the CTEmismatch between the coating and the sub-
strate. That is, differential cooling of the coating as compared to the
substrate creates additional stresses that promote delamination.
The importance of this observation is profound, both for TBCs
and more generally for any coating system (notably environmentalbarrier coatings on ceramic-matrix composites). Perhaps most crit-
ically, it implies that experiments to assess coating reliability may
be misleading if thermal transients are not considered. This obser-
vation that transient-driven cracking scales with coating CTE in-
forms the development of new coating systems, as it implies that
attempts to mitigate delamination failures by matching thermal
expansion coefﬁcients address only part of the problem.
The principle objective of this work is to identify the cooling
rate at which the underlying source for delamination switches
from those associated with the ﬁnal temperature change to those
associated with transient temperature changes. This critical cool-
ing rate is system dependent and the focus here is on trends re-
lated to the variation in the thickness, modulus, thermal
expansion and thermal conductivity of the coating and substrate.
The broad parameter study detailed here is a signiﬁcant extension
of the pioneering work of Sundaram et al. (2013), enabling the de-
sign specimens and experiments to elucidate transient-driven fail-
ure, and providing guidelines for acceptable cooling rates in
applications.
It is worth emphasizing that this work is a natural extension of
the previous studies of the inﬂuence of transient effects (Hassel-
man, 1969; Zhao et al., 2000; Lanin and Fedik, 2008; Sundaram
et al., 2013), previous studies of quasi-static (slow) cooling (Hutch-
inson and Evans, 2002; Evans and Hutchinson, 2007), and existing
frameworks for predicting delamination (Evans et al., 2001). Key
new contributions include a complete description of the computa-
tional framework needed to predict cracking at arbitrary locations
within a complex multilayer, and the mapping of critical cooling
rates (for which transient cooling dominates) as a function of
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that consideration of cracks at arbitrary locations can be important,
as the location of maximum ERR may not coincide with interfaces.
Instead, the focus is on the new parameter study, as it provides
new quantitative information regarding the sensitivity of transient
effects to layer properties, which is currently needed to guide
experiments and deﬁne acceptable operating conditions.2. General analysis framework
The model used to predict the impact of thermal transients on
delamination consists of two parts: a transient thermal analysis
and a subsequent mechanical analysis to predict the inﬂuence of
the resulting temperature distribution. Both models assume that
there are only variations in temperature and deformation in the
through-thickness direction, as shown in Fig. 1. The model solves
for the steady-state ERR associated with a semi-inﬁnite interface
crack placed at an arbitrary location. It is assumed that tempera-
ture changes associated with delamination cracking occur over
much smaller time scales than the crack growth rate (Lu and Fleck,
1998; Zhao et al., 2000; Sundaram et al., 2013): that is, the temper-
ature distributions ahead of and behind the interface crack are gi-
ven by the transient solution obtained for intact layers, under the
assumption that the crack will propagate rapidly within in an ini-
tially intact layer.
2.1. Thermal analysis
First, we present a general analysis of heat conduction in multi-
layers and then state the imposed conditions for the present study.Lεo(t) ρz(t)=1/κ(t)
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Fig. 1. Schematic illustration of the thermomechnaical model. (A) The thermal bound
temperature distribution in the bilayer is on the right. (B) The deformation of the bilayer d
of and behind the delamination front used to calculate the energy release rate.Heat conduction in one dimension is governed by the well-known
partial differential equation:
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where Tðy; tÞ is the temperature, t is time ½s; cp is the speciﬁc heat
capacity of the material [J/(kg K)], q is the material density [kg/
m3], and k is the thermal conductivity of the material [J/(mKs)] =
[W/(mK)]. For a multilayer problem, the net heat ﬂow at any inter-
face must be zero, such that the heat leaving one layer must equal
the heat entering the adjacent layer. The heat ﬂux [W/m2] through a
surface whose normal is pointing in the positive y-direction is given
by:
q ¼ k @T
@y
ð2Þ
These governing equations can be discretized via ﬁnite ele-
ments, assuming a linear temperature distribution in each ele-
ment. The resulting elemental equations (i.e., behavior within a
single element) are:
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where T1;2 are the temperatures at either end of the element, ‘e is
the length of the element, q1;2 are the heat ﬂuxes entering and leav-
ing the element, and dots denote time derivatives. Any material
layer (e.g., the coating or the substrate) is represented as a series
of these elements.Ut
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(C) Energy release rate: 
ary conditions at the free surfaces are presented on the left and the discretized
uring cooling with the variables eo , and j. (C) The stored elastic strain energy ahead
1 The code is available from M.R. Begley http://www.engineering.ucsb.edu/begley/
EW_LayerSlayer.html.
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face requires special consideration, as the interface may introduce
additional thermal resistance. The interface cannot store heat, due
to its inﬁnitesimal thickness, and as such, the governing equation
for an interface with ﬁnite thermal conductance is given by:
q ¼ ~kiðT  TþÞ ð4Þ
where q is the heat ﬂux through the interface, T is the temperature
at the interface approached from y, and Tþ is the temperature of
the interface approached from yþ, with y being the position of the
interface. Interfaces between different material layers can be mod-
eled to have ﬁnite thermal conductivity by using the above element
to represent the bi-material interface, only with k=‘e replaced with
the conductance of the interface, ~ki, and neglecting the heat capac-
ity of that element. The interface property ~ki has units of [W/(m2 K)]
which implies the units of ~ki are equal to the units of k divided by a
characteristic length-scale. Note that this approach for modeling
interfaces between material layers will retain two discrete temper-
atures at an interface, i.e., those associated with the bottom of one
layer and the top of the adjacent layer. If one prescribes interfaces
between material layers with high conductance (i.e., ~ki  k=‘e,
where k=‘e is the largest value seen in the model), the interfaces be-
tween material layers will effectively be perfect conductors and
temperature drops between material layers will be negligible.
After global assembly of all elements, the net heat ﬂux at all
internal nodes is zero because heat is neither stored nor generated
at the nodes. At the ﬁrst (bottom) and last (top) node in the stack,
one must either prescribe the heat ﬂux or the temperature as a
function of time. Hence, after global assembly, the right-hand side
vector in Eq. (3) is zero except for the ﬁrst and last entries. At an
external boundary exposed to temperature T1, the heat ﬂux is re-
lated to the heat transfer coefﬁcient for the surface, h, according to:
q ¼ hðTs  T1Þ ð5Þ
where h is the heat transfer coefﬁcient for the surface, and has units
of [J/(m2sK)] = [W/(m2K)].
This framework has been coded for any number of multilayers,
with interface elements to account for ﬁnite conductance between
layers. The code takes as inputs the physical properties of a mate-
rial layer and the number of elements in that layer, as well as the
stack sequence (ordering of the layers). The built-in ordinary dif-
ferential equation solvers in Mathematica are used to solve the
resulting coupled ﬁnite element equations for nodal temperatures
as a function of time.
2.2. Mechanical analysis
The mechanical analysis assumes plane strain deformation
(with z ¼ 0), with the total strain in the multilayer stack described
by xðyÞ ¼ o  j  y: here, o is the axial stretch of the reference
axis, and j is the curvature of the multilayer about the z-axis.
We place the reference axis at the bottom of the ﬁrst layer (i.e.,
the substrate). The stress as a function of position in the multilayer
is then deﬁned by:
rxðyÞ ¼ EðyÞ½o  j  y hðyÞ ð6Þ
where E ¼ E=ð1 v2Þ is the plane strain modulus, v is the Poisson’s
ratio, and hðyÞ is the thermal strain distribution, deﬁned for plane
strain as hðyÞ ¼ ð1þ vÞaðTðyÞ  T  ðyÞÞ. The reference temperature
TðyÞ deﬁnes the stress-free state as a function of position; this
can either be taken as the room temperature distribution, or assum-
ing stresses relax at higher temperature, the initial temperature dis-
tribution at the start of cooling.
The ﬁnite element discretization used in the thermal analysis
can also be used to calculate the mechanical response of the mul-tilayer, as follows. Let hib be the thermal strain at the bottom of an
element denoted by i, and hit be the thermal strain at the top of the
element. Then the linear distribution in thermal strains is written
as:
hiðyÞ ¼ hib þ
y yib
yit  yib
hit  hib
 
ð7Þ
where yib;t are the positions of the bottom and top nodes of element
i, respectively. The two deformation variables, o and j, are found
by the condition that the resultant moment and axial force on the
multilayer are zero, as in:
XN
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Z yit
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b
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XN
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b
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where N is the number of elements in the model. Using Eqs. (7)–(9),
the equations can be written as
a11o þ a12j ¼ b1 ð10Þ
a21o þ a22j ¼ b2 ð11Þ
where the constants aij are functions of the moduli and thickness of
all the elements, and bi are functions of the moduli, thicknesses, and
thermal strains in each layer (i.e., hit;b for i ¼ 1;N):
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where ‘i ¼ yit  yib is the size of element i. The positions of the nodes
associated with element i can be related to the element sizes as
follows:
yit ¼
Xi
p¼1
‘p; yib ¼
Xi1
p¼1
‘p; y1b ¼ 0 ð13Þ
After using Eqs. (10)–(13) to solve for o and j, the (linear) stress
distributions in each element are known and can be found via
Eqs. (7) and (8).1
2.3. Energy release rate and mode mixity for bilayers
To ﬁnd the ERR associated with steady-state cracking, we must
compute the change in strain energy associated with delamination.
To begin, we note that the strain energy contained in any element
is given by:
Ui ¼
Z yit
yi
b
1þ v
2E
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 	 v
2E
ðrx þ rzÞ2
 
dy ð14Þ
where rxðyÞ is given by Eq. (7) and rzðyÞ ¼ vrxðyÞ þ hðyÞ=ð1 vÞ.
Using the linear distributions of thermal strains, one ﬁnds:
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Ei‘i
2
2o þ
Ei
6
yit
 	3  yib 	3 j2
þ Ei‘i
3
hib
 2
þ hibhit þ hit
 2 
þ
Ei
2
yit
 	2  yib 	2h ioj
þ
Ei‘i
2
hib þ hit
 
o þ
Ei‘i
6
yib 2h
i
b þ hit
 
þ yit 2hit þ hib
 h i
j ð15ÞN
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cients above, we can re-write this in compact form as:
U ¼ b1 þ 12 a11o
 
o þ a12ojþ b2 þ 12 a22j
 
jþ f hib; hit
 
ð16Þ
where f ðhib; hitÞ can be inferred from the above deﬁnitions, although
will not be needed in what follows. We can use this framework to
compute the energy release rate associated with delamination at
any nodal location, by conducting the proper sums.
The energy release rate is given by the difference between the
strain energy contained in the two multilayers created by the
interface crack, and the strain energy in the intact (original) multi-
layer ahead of the crack. That is, we ﬁrst compute o and j for the
intact section using the complete summation over all elements.
Then, for an interface crack above element P, we repeat the multi-
layer analysis for the section below the crack, computing values of
bo;jb and U
b associated with an intact stack of elements ranging
from 1 to P (the elements below the interface crack), being sure
to use this range of summation to compute the coefﬁcients aij
and bj, such that the curvature and elongation of the section below
the crack is properly computed. Then we repeat the multilayer
analysis a third time for the section above the crack, computing
values of to;jt and U
t associated with an intact stack of elements
ranging from P þ 1 to N (the elements on top of the interface
crack), again with proper range for the coefﬁcients. The energy re-
lease rate is then computed via:
GP ¼ U o;j½   Ut to;jt

 þ Ub bo;jb
   ð17Þ
The purely thermal term f ðhib; hitÞ is not altered by cracking (as
it does not involve deformation of the multilayer), such that its
contribution to the ERR is identically zero. This analysis has been
coded to analyze cracking in a multilayer with an arbitrary number
of layers, and is integrated in a transparent way with the thermal
analysis described earlier.
The mode mixity for interfacial delamination of a bilayer can be
calculated following the work of Suo and Hutchinson (1990) and
Sundaram et al. (2013). Here, we use the subscript k to denote
either the substrate (k ¼ 1) or the coating (k ¼ 2). The resultant
force per unit thickness, Pk, and the resultant moment per unit
thickness, Mk, acting on each of the layers are deﬁned by:
Pk ¼
XNk
i¼1
Z yit
yi
b
rxðy; hib; hitÞdy ð18Þ
Mk ¼
XNk
i¼1
Z yit
yi
b
rx y; hib; h
i
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 


y 1
2
hk

 dy ð19Þ
where Nk is the number of nodes in layer k. The neutral axis of each
layer is 12hk ¼ 12 ðyNkt þ y1bÞ;P1 ¼ P2, and M1 ¼ M2 þ 12 P2ðh1 þ h2Þ.
The phase angle describing mode-mixity is computed using the fol-
lowing (Suo and Hutchinson, 1990):
g¼ h2=h1; R¼ E2=E1; A¼ ½1þRð4gþ6g2þ3g3Þ1; I¼ ½12ð1þRg3Þ1
sin c¼6Rg2ð1þgÞ
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p
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P2h2
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w¼ tan1
"
/sinxcosðxþcÞ
/cosxþsinðxþcÞ
#
ð20Þ
The parameterxðg;aD;bDÞ is a function of Dundurs’ parameters (aD
and bD) (Dundurs, 1969; Suo and Hutchinson, 1990), and has been
tabulated by Suo and Hutchinson (1990). For the bilayers consid-
ered here,x has been computed via interpolation from that dataset.
Values of x are plotted in Fig. 2(A) for a range of substrate/coating
thickness ratios with varying coating elastic modulus.The toughness of metal-ceramic interface is known to depend
on the mode mixity of the propagating crack as characterized by
the phase angle w. A common phenomenological form for the
mixed-mode toughness is given by Hutchinson and Suo (1992):
CCðwÞ ¼ CICð1þ tan2½ð1 kÞwÞ ð21Þ
where CIC is the interfacial toughness under pure mode I loading
and k is an empirical parameter that describes the tendency for en-
ergy absorptive phenomena (e.g., plasticity and friction) to occur
during crack propagation. Scenarios with k ¼ 1 correspond to ide-
ally brittle interfaces, with no dependence of toughness on mode-
mixity. The ratio of CC=CIC is plotted in Fig. 2(B) for a range of k val-
ues; these curves reﬂect the increase in toughness associated with
mode II contributions to crack driving force.
While some work has been done to determine the mode depen-
dent interfacial toughness in TBC systems (Donohue et al., 2012;
Hutchinson and Hutchinson, 2011; Théry et al., 2009; Stiger
et al., 2006), values of CIC and k are not known for a broad range
of material systems. To illustrate the effects of mode-mixity with-
out resorting to speciﬁc numerical values, we utilize
G^ðw; kÞ ¼ G=f ðw; kÞ, where f ðw; kÞ ¼ 1þ tan2½ð1 kÞw. The corre-
sponding condition for delamination is G^ðw; kÞ ¼ CIC . This approach
allows comparisons of the tendency for a crack to grow under dif-
fering mode mixity, essentially by adjusting the driving force to ac-
count for mode-dependent toughness. For interfaces that are not
perfectly brittle (k– 1), the toughness increases with mode II char-
acter (as dictated by the function f ðw; kÞ which increases with jwj),
such that the modiﬁed driving force G^ decreases and cracking is
less likely.3. Properties and assumptions in the present bilayer analyses
In order to generate broad insight regarding the effects of tran-
sient cooling, a bilayer is modeled consisting of a superalloy sub-
strate and a TBC top coat. It is worth noting that the addition of
an intermediate metallic bond coat and/or thermally grown oxide
layer(s) to the stack can be easily handled using the above frame-
work and hence does not add to the computational complexity. (It
simply makes the number of involved parameters unwieldy.) The
properties of the superalloy and TBC materials are listed in Table 1.
In the majority of the simulations, the properties of the substrate
where prescribed to model Renè N5 with a ¼ 15 ppm K1 (Haynes
et al., 2004), E ¼ 200 GPa (Pollock and Tin, 2006), m ¼ 0:3, and
k ¼ 20 W=mK (Pollock and Tin, 2006). Simulations were also con-
ducted with CTEs ranging from 13 to 18 ppm K1, which covers a
broad range of other superalloys (Haynes et al., 2004).
In the majority of the calculations, the properties of the coating
were modeled to simulate an EB-PVD yttria-stabilized zirconia
(YSZ) TBC with a ¼ 11 ppm K1 (Wachtman et al., 2009),
k ¼ 1:5 W=mK (Kakuda et al., 2009) and 40 GPa (Johnson et al.,
1998). The thickness of the ceramic top coat was varied from 50
to 2000 lm, spanning the range of thickness used in propulsion
and power generation systems. To consider a wider range of possi-
ble TBC properties, calculations where performed in which the
elastic modulus was varied from 5 to 200 GPa representing the
spectrum from compliant, low-density coatings to stiff coatings
which can arise from CMAS penetration. The coating thermal con-
ductivities were varied from 0.25 to 5 W/mK (Clarke and Phillpot,
2005; Shen et al., 2010) to represent the variation from develop-
mental low-k coatings, to fully aged coatings. Please note that un-
less speciﬁed to be different, the properties of the bilayer are:
ECoat ¼ 40 GPa, ESub ¼ 200 GPa, aCoat ¼ 11 ppm K1;aSub ¼ 15
ppm K1; kCoat ¼ 1:5 W=mK and kSub ¼ 20 W=mK, with the corre-
sponding Dundurs’ parameters were aD ¼ 0:68 and bD ¼ 0:27.
(A) (B) (C)
Fig. 2. (A) The dimensionless function x as a function coating thickness for varying coating modulus. The inﬂuence of mode mix on the tendency for delamination is
described by the phenomenological expression f ðwÞ ¼ 1þ tan2½ð1 kÞw. (B) f ðwÞ as a function w for varying values of k and (C) f ðwÞ as a function k for varying values of w.
Table 1
Thermal barrier system properties (Haynes et al., 2004; Pollock and Tin, 2006; Wachtman et al., 2009; Kakuda et al., 2009; Johnson et al., 1998; Clarke and Phillpot, 2005; Shen
et al., 2010).
Layer Thickness (lm) E (GPa) m að106K1Þ k (W/mK) qcp (J/kg)
Substrate 2000 200 0.3 13–18 20 4 106
Coating 50–2000 5–200 0.2 11 0.5–5 2:5 106
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a heating cycle that has reached steady-state: this is, the initial
condition corresponds to the linear distribution of temperatures
that are obtained from a steady-state thermal analysis. To simplify
the parametric study of cooling rates and avoid references to heat
transfer coefﬁcients (which are highly speciﬁc to a given applica-
tion), the present simulations sets the initial bottom temperature
of the substrate to be TSub ¼ 800 C and the initial temperature of
the coating surface to be TCoat ¼ 1300 C; the time-dependence of
the coating and substrate surfaces are described using the follow-
ing phenomenological form:
TCoatðtÞ ¼ T1 þ ToCoat  T1
 	
et=s ð22Þ
TSubðtÞ ¼ T1 þ ToSub  T1
 	
et=s ð23Þ
where T1 is the ambient temperature prescribed to 25 C and there-
fore the long term steady-state temperature of the system, and s is
a constant with units of time (i.e., seconds) that controls the rate of
cooling. As s increases, the rate of cooling decreases.
The temperature values chosen are consistent with turbine
applications, where it is necessary to limit the temperature of the
superalloy in order to avoid excessive creep in the substrate and
to limit the growth of the TGO. The resulting initial substrate/coat-
ing interface temperature ranged from 825 to 1125 C, depending
on the thickness and thermal conductivity of the TBC. The initial
distribution corresponding to steady-state can be found from the
linear system of equations that results from the global system of
equations without time derivatives. In this work, we set interface
conductivities to a large value such that there is no temperature
drop between the layers: the temperature at the bottom of one
layer equals the temperature at the top of the adjacent layer.
The simulations presented here assume that the multilayer is
entirely stress-free at the elevated operating temperature, assum-
ing stresses relax during the prolonged, steady-state heating cycle
that sets the initial condition for the cooling study. This corre-
sponds to a linear distribution of reference temperatures in each
layer, ToðyÞ, that are identical to the initial temperature distribu-
tion determined from a steady-state thermal analysis with thetop surface at ToCoat ¼ 1300 C and the bottom surface of the sub-
strate at ToSub ¼ 800 C. While it is difﬁcult to know the state of
residual stress of TBC in service and at temperature, Trice and
co-workers (Dickinson et al., 2005; Petorak et al., 2010) have
shown that the relaxation of thermal barrier coatings occurs on
the order of minutes at elevated temperature when subjected to
applied stress, and it is thus reasonable to assume that the bilayer
is stress free in the initial high temperature state.4. Fundamental behaviors
4.1. Delamination driving force associated with slow cooling, G^oðwÞ
Quasi-static behavior is obtained for sufﬁciently slow cooling,
wherein the temperature proﬁle is a bilinear distribution deter-
mined by the instantaneous values of the temperature at the sur-
face of the coating and the bottom of the substrate. In these
scenarios, the ERR increases monotonically with time until the
steady-state uniform temperature is reached: the maximum ERR
is obtained for complete cooling to the ambient temperature. The
ERR in the cold state, TðyÞ ¼ T1, is termed Go. The phase angle in
the cold state, wo approaches 90 indicating that the coating is
primarily in compression, and delamination is predominately
mode II. As the coating thickness increases, the prescribed temper-
ature gradient causes the interface temperature to decrease, putt-
ing the outer portion of the coating in tension and increasing the
mode I character of the crack. Mode-mixity values associated with
the cold state, wo and foðwÞ, are plotted in Fig. 3(A) and (B) as a func-
tion of thickness ratio for the bilayer. Recall that f ðwÞ essentially re-
ﬂects the role of mode II in increasing the relevant toughness value
controlling delamination.
The magnitude of Go increases with coating thickness and mod-
ulus, as expected: however, the scaling with coating thickness is
not purely linear, due to the effects of (i) substrate bending, and
(ii) the impact of coating thickness in altering the initial tempera-
ture at the substrate/coating interface. The mode-dependent mod-
iﬁed driving force in the cold state is deﬁned as G^oðw; kÞ
¼ Go=f ðwo; kÞ. Values of G^oðwÞ are shown in Fig. 3(C) as a function
(A) (B) (C)
Fig. 3. (A) The phase angle at the instant of maximum ERR for s
;wT , and in the cold state, wo , and (B) the corresponding values of fT ðwÞ and foðwÞ. (C) The mode modiﬁed
delamination driving force in the cold state, G^oðwÞ (i.e., TðyÞ ¼ T1), for a range of mode mixity coefﬁcients, k.
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Small values of k reﬂect scenarios where the increase in toughness
associated with mode II is relatively large: hence, the modiﬁed
driving force (which accounts for this) is small. Conversely, when
k approaches unity, the mode II contribution to interface toughness
is comparatively small, which corresponds to a relatively high va-
lue of modiﬁed driving force: simply put, the likelihood of cracking
is high when the mode-mixity does not increase the effective
toughness.
As G^oðwÞ represents the ‘end-game’ in the limit of large time,
this quantity is used to scale the results for transient analysis,
and in turn identify cooling rates that lead to peak driving forces
in the transient regime.
4.2. Effect of temperature transients
The evolution of temperature and stress distributions in a bi-
layer is illustrated in Fig. 4 for two different cooling rates. Each
curve represents the temperature or stress distribution at a given
instant in time. Raw ERR values are plotted in Fig. 4 to give a sense
of the absolute value of the driving force: future ﬁgures present re-
sults using G^ðw; kÞ to account for mode-mixity. The ERR as a func-
tion of crack position in the bilayer is also shown for several
representative times (Fig. 4(e) and (f)). As shown in (Fig. 4(a), (c),
and (f)) for slower cooling (s ¼ 5 s), the temperature gradient re-
mains positive throughout the cooling step, leading to steadily
increasing ERR that is maximum at the bi-material interface. For
faster cooling (s ¼ 0:5 s), the temperature gradient is negative near
the surface of the coating during the initial stages of cooling, as
heat is pulled from the coating.
This temperature ‘inversion’ leads to signiﬁcant increases in
tensile stress near the surface, with much higher stresses than
are observed in the slow cooling case. The ERR shows non-mono-
tonic behavior, ﬁrst increasing to a maximum, then falling as the
temperature inversion subsides. It is worth noting that when rap-
idly cooled, the ERR is high throughout the coating, and, under cer-
tain circumstances, the ERR can be maximum at locations within
the coating (as opposed to the interface: see Fig. 4(f)). However,
the intra-coating maximum only exceeds the ERR at the interface
by small amount and the remainder of this paper focuses upon
interfacial delamination.
The phase angle (w) modiﬁed delamination driving force (G^ðwÞ)
are plotted as a function of time for several cooling rates with
k ¼ 0:3 in Fig. 5(A) and (B). At large times, G^ðwÞ asymptotes to
G^oðwoÞ, the result deﬁned by complete cooling. Fig. 5 clearly illus-
trates that for fast cooling, G^ðwÞ is maximum in the transient re-
gime. The peaks in G^ðwÞ at short times are of principle interest.The phase angles during the transient peaks are wT  	35, which
implies the relevant toughness is only about 50% higher than that
the pure mode I toughness (see Fig. 3(B)), indicating that transient
induced delamination will be signiﬁcantly inﬂuenced by mode I.
Put another way, the toughness controlling transient failure is a
factor of 5–10 times smaller than the toughness controlling failure
during slow cooling.
Fig. 5(C) illustrates the ratio of G^Tðw; kÞ=G^oðw; kÞ as a function of
cooling rate, where G^Tðw; kÞ is the peak value of G^ obtained in tran-
sient regime. Values of this ratio greater than unity imply that the
transient driving force is larger than that associated with slow
cooling. Since transients introduce mode I character (whereas the
slow cooling results are pure mode II), smaller values of k (which
imply lower mode I toughness relative to mode II) produce greater
’transient ampliﬁcation’ of the crack driving force.
The critical time constant is deﬁned here as that which pro-
duces G^Tðw; kÞ ¼ G^oðw; kÞ. For smaller cooling times (quicker cool-
ing), the transient ERR is higher than that associated with slow
cooling. Fig. 5(D) illustrates critical cooling times as a function of
mode-mixity coefﬁcient (k) for two different coating thicknesses.
For small values mode-mixity coefﬁcient, the mode I toughness
is a smaller fraction of the mode II toughness: this implies that lar-
ger time constants are needed to ensure transient effects are not
dominant. The ratio of fTðwÞ=foðwÞ increases markedly with k and
as a result, slower cooling rates with cause G^TðwÞ > G^oðwÞ.
5. Critical cooling rates s
 as a function of system properties
5.1. The role of coating modulus and thickness
The driving force for coating delamination increases with the
coating modulus. However, because the modulus plays the same
role in increasing the ERR in the transient as it does in the cold
state, coating modulus does not have a dramatic inﬂuence on the
critical cooling rate. This phenomenon is shown in Fig. 6(A) where
G^ðwÞ is plotted as a function of time for 500 lm thick coatings with
varying coating moduli when cooled at approximately the critical
cooling rate. For all values of coating modulus, G^TðwÞ is nearly
equal to G^oðwÞ.
Coating modulus does inﬂuence the mode mixity of the crack,
as the mode I character increases with coating modulus. This effect
does not markedly inﬂuence the magnitude of G^TðwÞ but can
strongly affect G^oðwÞ, as the change in the modifying function
f ðwÞ is much more sensitive to the value of w when cracks are pri-
marily mode II rather than the mode I (as was shown in Fig. 2(B)).
The values of wo are plotted in Fig. 6(B) as a function of coating
thickness for varying coating modulus. For thin coatings, cracks
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Fig. 4. The change in temperature, stress and energy release rate for a 1000 lm coating with kCoat ¼ 1:5 W=mK during a slow-cooling cycle s ¼ 5 (a,c,e) and during a rapid-
cooling cycle s ¼ 0:5 (b,d,f).
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is not inﬂuenced by the coating modulus. As the coating thickness
increases, so does the mode I character of the cracks which de-
creases foðwÞ and increases G^oðwÞ. That is, crack propagation is pro-
gressively favored as the coating modulus rises due the increasing
mode I contribution.
These two phenomena, the concomitant increase of G^TðwÞ and
G^oðwÞ in thin coatings and the relative increase in G^oðwÞ with coat-
ing modulus in thick coatings, are illustrated in Fig. 6(C). The time
constant s
, which corresponds to the critical cooling rate, is pre-
sented as a function of coating thickness for coating moduli rang-
ing from 5 to 200 GPa. For thin coatings, s
 is not affected by
modulus, but as the coating thickness increases the critical value
of the s decreases with increasing modulus due to the reduction
in G^oðwÞ.5.2. The role of thermal expansion and thickness
Delamination in the cold state is driven by substrate/coating
CTE mismatch, and, as such, G^oðwÞ increases with substrate CTE
when the coating CTE is ﬁxed. The effect of substrate CTE on
G^oðwÞ is shown in Fig. 7(A) where the values of G^ðwÞ at t ¼ 5 s in-
crease monotonically with substrate CTE. Alternatively, G^TðwÞ is
driven by the differential contraction within the coating and scales
with the CTE of the coating. This is also shown in Fig. 7(A) where
the transient peak in G^ðwÞ is nearly independent of substrate CTE.
As a result, more rapid cooling rates are needed to make transient
driven delamination favored with low CTE substrates than high
CTE substrates. For example, when a 200 lm thick coating on a
substrate with aSub ¼ 13 ppm K1 is cooled at rate governed by
s ¼ 0:5; G^TðwÞ greatly exceeds G^oðwÞ. If the substrate CTE is
(A) (B)
(C) (D)
Fig. 5. (A) The phase angle, w, and (B) the mode modiﬁed delamination driving force, G^ðwÞ, as a function of time for hCoat ¼ 500 lm modiﬁed by f ðw; k ¼ 0:3Þ cooled at rates
governed by s ¼ 1;2 and 3 s. (C) The critical cooling rate is deﬁned by G^T ðwÞ ¼ G^oðwÞ and this ratio is plotted as function s. (D) s
 is plotted as a function of k for 200 lm and
1000 lm thick coatings with ECoat ¼ 40 GPa.
(A) (B) (C)
Fig. 6. (A) The mode modiﬁed delamination driving force, G^ðwÞ, as a function of time for hCoat ¼ 500 lmwhen s ¼ 1:75 s, showing the concomitant increase in G^T ðwÞ and G^oðwÞ
with coating modulus. (B) The phase angle in the cold state, wo , is plotted as a function of coating thickness. (C) The time constant associated with the critical cooling rate, s
 ,
is plotted as a function of coating thickness for a range of ECoat values. (The legend in (C) applies to (A) and (B)).
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s ¼ 0:5) the delamination driving force in the transient is unaf-
fected while G^oðwÞ increases dramatically. The effect that these
phenomena have on the favored mode of delamination is illus-
trated in Fig. 7(B): the time constants associated with the critical
cooling rate are plotted as a function of coating thickness for a
range of substrate CTE values.In Fig. 7, aCoat remains ﬁxed while aSub is varied. If aCoat is varied
while the CTE mismatch is held constant, and consequently G^oðwÞ
is ﬁxed, the critical cooling rate decreases with aCoat . Coatings with
larger CTE experience greater strains and store more elastic strain
energy for a given temperature inversion. As a result, slower tem-
perature changes (larger time constants) will make G^TðwÞ exceed
G^ðwÞ0, as shown in Fig. 8.
(A) (B)
Fig. 7. (A) The mode modiﬁed delamination driving force, G^ðwÞ, for hCoat ¼ 200 lm cooled at a rate determined by s ¼ 0:5 s. (B) The time constant associated with the critical
cooling rate, s
 , as a function of coating thickness for a range of aSub values. (The legend in (B) applies to (A).)
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In the preceding sections, modulus and CTE were varied and
these properties were shown to affect the extent to which tem-
perature transients are translated into crack driving force. In this
section, variation in coating thermal conductivity will be consid-
ered, which affects both the initial temperature proﬁle which
dictates G^oðwÞ, and the manner in which the surface cooling rate
changes the temperature proﬁle through the bilayer, which af-
fects G^TðwÞ. (The values of qcp are held constant so the parame-
ter that determines the time dependence of the heat ﬂow, the
thermal diffusivity, is directly proportional to the thermal con-
ductivity.) These effects are shown in Fig. 9(A) where G^ðwÞ is
plotted as a function of time for 200 lm thick coatings
(hCoat=hSub ¼ 0:1) cooled at a rate associated with s ¼ 1 s. During
the temperature transient, G^ðwÞ increases as the coating thermal
conductivity gets lower due to the increasingly larger tempera-
ture inversions that develop in the coating. Conversely, low-k
coatings decrease the initial substrate temperature, which lowers
the mismatch in thermal contraction between the substrate and
coating when fully cooled lowering G^oðwÞ. As a result, decreasing
the coating thermal conductivity increases the relative suscepti-
bility to transient driven delamination.(A) (B)
Fig. 8. (A) The phase angle, w, and (B) modiﬁed delamination driving force, G^ðwÞ, as a fun
(C) The time constant associated with the critical cooling rate, s
 , plotted as a functionIn systems with thicker coatings, the effect that coating conduc-
tivity has on the critical cooling rate becomes more complex. The
mode I character of the crack in the cold state increases with
decreasing kCoat and/or increasing hCoat , due to the lower sub-
strate/coating interface temperature which reduces mismatch
stresses. The variation in wo is plotted in Fig. 9(B): higher values
of wo (more mode I) increase G^oðwÞ, as detailed in previous sections.
Additionally, when coating conductivity is low, the temperature
transient is driven by preferential heat removal out of the substrate
as opposed to the coating. Under these circumstances, the crack is
primarily mode II during the thermal transient. In Fig. 9(C), a
2000 lm thick coating (hCoat=hSub ¼ 1) is cooled at a rate associated
with s ¼ 1 s and the minimum in the wðtÞ curve occurs at t2 s, not
in the cold state.
The time constants, s
, associated with the critical cooling rates
are plotted in Fig. 9(D) a as function of coating thickness for a range
of coating thermal conductivities. When the coating is thin, the bi-
layer is more susceptible to transient driven delamination for low
coating conductivity, due to the large temperature inversion in the
coating. As the coating thickness increases, mode mixity effects
(i.e., the increasing mode I character of the cracks cold state and
the mode II character of cracks in the transient regime), and, the
preferential heat removal through the substrate, create a complex(C)
ction of time for hCoat ¼ 500 lm and s ¼ 1 s for bilayers with Da ¼ 3 and 5 ppm K1 .
of coating thickness with varying aSub and aCoat values.
(A) (B)
(C) (D)
k=1.5 W/mK
Fig. 9. (A) The mode modiﬁed delamination driving force, G^ðwÞ, for 200 lm thick coatings with varying kCoat , plotted as a function of time. (B) The phase angle in the cold state,
wo , as a function of coating thickness for a range of kCoat . (C) The phase angle, w, as a function of time for 2000 lm coatings with low thermal conductivity, kCoat ¼ 0:5 W/mK
and high thermal conductivity, kCoat ¼ 5 W/mK. (D) The time constants associated with the critical cooling rate, s
 , plotted as a function of coating thickness for a range of kCoat
values. (The legend in (D) applies to (A) and (B).)
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thickness.
6. Conclusions
 The tendency for the delamination of TBC/substrate bilayers,
has been analyzed for a range of material properties, and the
thermal histories in which transient driven delamination is
favored have been identiﬁed. Transient driven delamination
is identiﬁed by conditions in which the ERR (scaled by the
mode dependent toughness) exceeds that in the cold-state.
 When the surface of the coating is rapidly cooled, differential
contraction of the outer portion of the coating occurs that
induces tensile stresses in the coating. These stresses are
maximum at the coating surface and scale with aCoatDT .
The magnitude of the stresses increases with the rate at
which the surface cools and can greatly exceed the stress lev-
els in the cold-state. In the temperature transient, cracks are primarily mode I in
character, such that f ðwÞ is nearly unity, while in the cold
state, cracks are highly mode II in character and f ðwÞ varies
between 2 and 10, depending on the mode mixity coefﬁcient,
k. Thus, the relative susceptibility to transient driven delam-
ination increases with the mode-dependence of the interfa-
cial toughness.
 For thin coatings with hCoat < 0:5hSub, increasing ECoat did not
affect s
, since coating modulus simultaneously increases
both Go and GT .
 Increasing aSub increases G^oðwÞ but not G^TðwÞ; this decreases
s
 as more rapid cooling rates are needed to induce transient
driven delamination. Increasing aCoat decreases the critical
cooling rate, as larger strains are experienced for a given
cooling trajectory.
 Decreasing coating thermal conductivity makes transient
induced delamination more favorable, as slower cooling
rates are sufﬁcient to trigger transient effects. For thick
1374 R.W. Jackson, M.R. Begley / International Journal of Solids and Structures 51 (2014) 1364–1374coatings with low thermal conductivity, complex dependen-
cies occur due to a competition of heat removal through the
substrate and the coating.Acknowledgements
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